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Abslract-A simple model was developed to explain the surface crystals found on the dear mother crystal face. The 
surface crystals on the mother crystal in the reaction crystallization of sodium were mathematically estimated by using a 
model based on two-dimensional secondary nucleation and two-step growth mechanisms. The model predicted that 
the surface crystals found on the mother crystal would be sensitive to the reactant concenWation and agitation speed 
due to their influence on the inteffacial supersampation in the crystal gro~h. As the bulk supersaturation increased 
and the molecular trmasport was facilitated, the number of surface caystals on the mother crystal also increased, because 
the interracial supersaturation built up on the mother crystal sta-face was eullanced. The prediction of the number of 
the surface crystals on the mother crystal appeared to be consistently comparable with experimental results. 

Key words: Sodium Fluoride, Surface Crystal, Secondary Nucleation, Two-Step Gi~awth hlterfacial SupersatuPafion, Crys- 
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INTRODUCTION 

In crystallization, secondary nucleation frequently plays an impor- 
tant role in detenninmg the crystal size and shape because new nu- 
clei are generated on the crystal surface even at low supersatuar- 
tion level, resulting in the multi-&spersed size distribution and irre- 
gular shape of crystals in the suspension. Therefore, much research 
has focused on investigating the influence of secondary nucleation 
on the product suspension. 

In general, there are many reasons for secondary nucleatior~ con- 
tact, attrition, fluid shear etc. [Change et al., 1982]. Based on the 
mechanism of De,k: and Botsaris [1972], secondary nucleation has 
been described as the nuclei on the crystal surface being generated 
by the diiving force of the concentration gradient, which orighlates 
from mass la-m~sfer arot~ld the crystal. Thus, they showed experi- 
metlCally in cooling crystallization that secondary nucleation was 
promoted as the supercooling and agitation of the solution increase4 
Contact nucleation of various crystals was inte*lsively investigated 
by Tai et al. [1975]. Their study coilsidered that secondary nucle- 
ation might primarily be initiated by the impact on the crystal sur- 
face by the other crystals, impeller and reactor wall. The*l, the sec- 
ondary nucleation rate was suggested as a function of inapact en- 
ergy A similar influence of the impact on the contact nucleation 
was observed by Denk and Botsaris [1972]. The importance of the 
impact on the secondary nucleation was mathematically developed 
by Ploss and Mersmaruq [1989] using the theory of He~z/Huber. 
ha the study, many factors influencing secondary nucleation were 
suggested as crystallizer type, impeller type, operating parameters, 
physical properties of solution and crystal and supersaturation and 
grovcth kinetics etc. Among them, the bulk supersaturation and me- 
chanical stress by agitation were considered as most influencing fac- 
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tcx~ on secondary nucleation. The importance of supersaturation 
on secondary nucleation was also explained by Tai et al. [1993]. 

Tai et al. [1992] developed the most insWactive study on the sec- 
ondary nucleation mechanism. Here, the secondary nucleation on 
the crystal surface was actually due the int_erfacial supersatuPation, 
which meant the supersa~rated concentration on/around crystal 
surface. Basically, the secondary nucleation on the crystal was pro- 
moted as the mteffacial concei~ration and at a fixed inteffacial sup- 
ersa~ation was modified by external slflnuli, such as impact, con- 
tact. shem; impurity, temperatt~e, agitation etc. In their study, the 
qualitative estimation of the infinence of such stmltfli on the sec- 
ondary nucleation was based on the two-step growth mechm~m 
[Karpinski, 1985]. 

It was sometimes observed in the secondary crystallization that an 
m-egular shape of the crystal was produced [Liu et al., 1976; De*~k 
and Botsaris, 1972]. In the crystallizaticn of bariLra sulfate [Liu et 
al., 1976], the irregular crystal shape was chmactefized by small 
crystals growing on and with the mother crystal, which was attri- 
buted to surface crystal formation on the mother crystal due to sec- 
ondary nucleation at low supersaturatiort A simiM- s~rface crystal 
formation on the mother crystal has also been reported by Denk 
and Botsaris [1972] in soditml chlopate crystallization and at~-i- 
buted to the secondary nucleation driven by the supersaturation gra- 
dient related to the mother crystal. Likewise, in the study of sodi- 
um fluoride crystallization [Kim and Kiln, 1999; 2000], an irregu- 
lar crystal shape characterized by staface crystals on the mother crys- 
tal was observed. According to them, the in'egular crystal shape of 
the sodium fluoride primarily originated from the agglomeration of 
the free nuclei, which was generated by the secondary nucleatiort 
However, the possibility that the secondary nuclei remaining on 
the mother crystal surface grow to the surface crystal resulting in 
the megula- crystal shape was also suggested Accordingly, the pur- 
pose of the present study is the model investigation of the surface 
crystal found on the mother crystal resulting in the irregular shape 



Estimation of Number of Surface Crystals on Sodium Fluoride Mother Crystal in Crystallization 203 

of the sodium fluoride crystal. A model based on the secon&ry nu- 
cleation process, which is interconnected with the crystal growth 
process, is developed to explain the surface crystal fomaation. The 
valigty of the model is then examined by comparing the experi- 
mental result of Kim and Kim [2000] at various reactant concen- 
trations and agitation speeds to change the secon&ry nucleation mad 
crystal growth processes. 

M A T K E M A T I C A L  D E S C R I P T I O N  

When nuclei are generated at low supersaturation, the mother 
crystal surface will be favored because of its low flee edge energy 
for nucleation; that is called secondary nucleation. Some of the sec- 
ondary nuclei generated on the mother crystal surface will stick to 
grow on the mother crystal. Those crystals growing on the mother 
crystal are counted as a surface crystal mad can be explained on the 
basis of the secondary nucleation lnect~mln, as developed by Ni- 
elsen [1964]. According to his work, the two-dhnensional nucle- 
ation rate (J') on a crystal surface can be formulated as, 

j ,=D { AG'*'~ 
d expu-w) (1) 

where D is the diffusion coefficient, d is the molecular diameter, k 
is the Boltzmann constant, T is the absolute tempemane, and AG'* 
ks the critical flee energy change of a two-dimensional embryo on 
the crystal surface, called the secondary nucleus. The flee energy 
change created by the fonnatic~a of a secondary nucleus can be ex- 
pressed as, 

AG' n'q~+L'~' (2) 

where n' ks the number of molecules contained in the embryo, L' is 
the circumference of the embryo, and ~' is the flee edge energy of 
the embryo. The molar affnfity of the phase change, cO, indicating an 
intensive quantity measuring the diivhlg force of the phase change, 
can then be expressed as follows when the activity cocfficient is 
assumed to be rarity, 

cp=kT ln(cC-~'~) (3) 

where Q and Cs are the solute concenb-ations on the mother crystal 
strface and m the bulk solution, respectively. The ratio between 
the two concentrations (C/Cs) is usually defined as the inter~hcial 
supersaturation, S,. At equilihitml, the critical ntwnber of molecules 
coil~ained ha a secondary nucleus, that is, a critical embryo, is ob- 
tained by taking a derivative of the flee energy change, as follows: 

1 (5'L'* 
n'* =-  (4) 

2 q0 

where L'* is the circumference of the secondary nucleus. From Eqs. 
(2) and (4), the critical flee energy change of the secondary nu- 
cleus can be rean'anged as, 

_ lolL'* 
AG'* 2 kT (5) 

By using Eq. (5) the secondary nucleation rate of Eg (1) can be 
expressed as a function of  the mterfacial supersa~Jration as, 

j, D_ ( o'n'* ) 
d" exp ~,- (6) 

2kT[asJ 

Since it is presumed that the surface crystals appearing on the moth- 
er crystal result fi'om the growth of secondary nuclei on the mother 
crystal, the number of stwface crystals on the mother crystal will be 
predominantly determined by the secondary nucleation rate. Accord- 
ingly, the population of the surface crystals found o n  the mother 
crystal can be analogously described, similar to Eq. (6), as sug- 
gested by Tai et al. [1975] for the secondary nucleation on the moth- 
er crystal, 

(a,) Ns~a, exp -1--~, (7) 

whele Ns, is the number of surface crystals found on the single moth- 
er crystal and al and a2 are the proportional constants. 

To predict the intel~hcial supersaturation on the mother crystal, a 
two-step growth model composed of mass transfer and surface in- 
tegration steps can be adopted [Karpinski, 1985]. Under a quasi- 
steady state of crystal growth, the following relationship b e t w e e n  

the two steps can be derived from the model as, 

k~,(C~ c,)--k(c, c y  (s) 

where 1% and k,. are the mass tt-ansfer and strface integration co- 
efficients, respectively, Cb is the bulk concern'ation and r is the rate 
order for the strface integmtio~l In Eq. (8), the term on the leff-t~nd 
side means the molecular mass transfer rate fiom the bulk to the 
interface, whereas the one on the tight-hand side indicates the lat- 
tice integration rate of the molecules on the crystal strface. By in- 
troducmg a dimensionless conceIm'ation, Eq. (8) can be rearranged 
as follows: 

e; 
- -  =c~ (9) 
1 O, 

where 0 is the dimensionless interthdal concentration and c~ is the 
lnnap parameter, which is composed of the rate coefficients of the 
mass ttarlsfer and strface integration, and solubility and bulk con- 
C enll-ation as, 

c , - c s _  s,.-1 (10) 
0"=-C~-Cs Sb-1 

R c~= (11) 
C~ -1 (S~ -1 )' -~ 

R_--~ (12) 
k, 

Therefore, in Eq. (9), if" the surface integration order is known, the 
inteffacial supersaturation on the crystal can be estimated by using 
the lump parameter, which is dependent on the crystalliza6on con- 
ditiom. 

Meanwhile, according to Crarside [1971], the concept of an effec- 
tiveness factor can be introduced to detmnine the rate-coi~olling 
step in the crystal growth process. By definition, the surface inte- 
gration effectiveness factor is related to the dimensionless interfa, 
cial concentration as, 

~],=O; (13) 

K o r e a n  J. Chem.  Eng.(Vol .  18, No.  2) 



204 H.-J. Kim and W.-S. Kim 

Eq. (13) indicates that as the caystal growth process becomes con- 
trolled by the surface integration step (%---q), the interfacial con- 
centration of the crystal will approach the bulk concenla'ation, and 
since the crystal growth process is determined by the mass ~aansfer 
step (r~---,0), the interracial concenla-ation will be close to the so- 
lubility. 

DISCUSSION 

In general, the sodium fluoride crystals produced at the endpoint 
of the feeding in single-jet semi-batch reactor were octahedral in 
shape with a face-centered cubic crystal system, as displayed in Fig. 
1. As demonslaated fi-om file microscopic nnages even though the 
octahedi'al shape of the mother crystals was maii~ained regardless 
of the crystallization conditions, as observed by Frondel [1940] and 
Ring [1996], the overall coiffiguvation of the crystals, as chm'acter- 
ized by the small crystals on the mother crystal, was found to be 
dependent on the crystallization conditions. The small crystals found 
on tile mother crystal were usually cousated as surface crystals gen- 
erated by the secondary nucleation. 

In the present model, these eXlZeiJmental phenomena were de- 
scribed by a secondary nucleation mechanism connected with tile 
crystal growth mect~nism. Normally, for crystal g r o ~ h  in a sup- 
ersat~-atic~l cc~lditioil, tile solute molecules must be transported fi-om 
tile bulk SuslZensic~l to tile crystal. As a result, the mtelthcial sup- 
ersaturaticn on the crystal surface is built up mad then drives the lat- 

tice integration of the solute molecules on the crystal, which is called 
surface integration. Accordingly, the principal concept of the model 
to count the number of surface crystals is that secondary nucleation 
as well as surface integration on the mother crystal can be simulta, 
neously induced by interfacial supersaturation. This concept of the 
model is conceptually consiste~lt with that of secondary nucleation 
on a crystal surface as suggested by Denk and Botsm-is [1972] and 
Tai et al. [1992]. According to tile proposed model, as the interfa- 
cial supei~atu~tion increases, the secondary nucleation is enhanced 
and the surface crystal formation on the mother crystal is pro- 
rooted, 

To predict the population of the surface crystals found on the 
nlother crystal, file two-dimensional surface nucleation and two- 
step growth processes were modeled, as expressed in Eqs. (7)-(12). 
To solve the model equations, the surface integration order, r, was 
assumed as 2, as used in several previous studies on electrolyte crys- 
tals by various researchers [Nmlcollas, 1968; Liu et al., 1976; Nan- 
collas et al., 1982; Gardener and Nancollas; 1983; Nielson, 1981; 
Nielson and Toil, 1984]. Figs. 2 and 3 show that the interracial sut> 
ei~a~ration varied with the coefficient ratio (R) of the mass tram- 
fer to tile surface integration and bulk supersaturation (Sb). Based 
on the two-step crystal growth mechanism, the interracial supersat- 
uration of solute is detennined by the mass transfer mad surface in- 
teglation rates because solute molecules on the crystal surface are 
built up by the moleculm- transport and spent for the lattice integra- 
tion for the crystal growth. Thus, if the mass transfer is promoted 

Fig. 1. Typical microscopic images of sodium fluoride crystals under various crystallization conditions in semi batch reactor. 
(a) 1.75 mol/t of reactant concentration and 700 rpm of agitation speed, ~o) 2.5 moFl of reactant concenlration and 1,200 ipm of a~tation 
speed, (c) 2.5 tool//of react~t concentration and 1,500 rpm of agitation speed, (d) 3.75 tool//of reactant concentiation and 1,500 rpm of 
agitation speed. 
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Fig. 2. Model prediction of variation in interracial supersatura- 
tion relative to coefficient ratio between mass transfer and 
surface integration in crystal growth process. 

Fig. 4. Model prediction of number of surface crystals relative to 
variation in coefficient ratio between mass transfer and 
surface integration in cTyslal growth process. The propor- 
tional constants, al and a~ for the model equation [Eq. (7)] 
were fLxed at 100.0 and 0.1, respectively. The experiment 
data were referred to Kim and Kim [1999]. 

Fig. 3. Model prediction of variation in interfacial supersaturation 
relative to bulk supersaturation in reactor. 

at a fixed surface integration condition in the crystal growth, the 
solute concentration on the crystal surface will be highly built up, 
resulting in an increase of the interfacial supersaturation. There- 
fore, since the mass transfer rate is detemained by the mass t~'ansfer 
rate coefficient depending on the hydrodynamic condition and the 
mass transfer diiving force proportional to the concen~-ation differ- 
ence between at bulk and interface, the interfacial supersaturation 
is eiahanced with an increase of the coefficient ratio (R) and bulk 
concentration (Sb). This prediction indicates that the seconc~ry nu- 
cleation dependent on the interfacial supersatut'ation can also vary 
with crystallization conditions that have a direct influence on the 
coefficieilt ratio and bulk supe~,satut'ation, such as the reactant con- 

Fig. 5. Model prediction of number of surface crystals relative to 
variation in bulk supersaturation in recator. The propor- 
tional constants, al and a2 for the model equation [Eq. (7)] 
were fixed at 100.0 and 0.1, respectively. The experiment 
data were referred to Kim and Kim [1999]. 

cen~'ation and agitation speed. It should also be mentioned that the 
enhmcement of the int~xfacial supei,satui-ation could result fi'om 
the inhibition of  the surface integi-atiol~ 

The dependencies of the number of surface crystals on the coef- 
ficient ratio and bulk supersaturation were predicted, as shown in 
Figs. 4 and 5, respectively [Eq. (7)]. When comtxtm~ the model 
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prediction with exFerimental data, which were observed by Kim 
and Kim [1999, 2000], a direct match of the model variables of the 
coefficient ratio and bulk supersama~tion with experhnental vari- 
ables of the agitation speed and reactant concenlration was trffor- 
~nately impossible. This was because the ldnetic izarameters of the 
coetficiei~ related with sodium fluoride crystal growth were basi- 
cally unavailable in previous literature plus the bulk supers~uva- 
tion of the reaction crystallization in a semi batch reactor was usu- 
ally undefined in previous reports. However, based on Uial and en'oI; 
the bulk SUFersaKu-ation and coefficient ratio corresponding to the 
crystallization ccndition set of the reactant concenl~tion and agita- 
tion speed were estimated to fit the experimental data. In the esti- 
mation of the model variables it was assumed that only the mass 
transfer step in the crystal growth process was influenced by agita- 
tion, whereas the bulk supersaturation was predominantly deter- 
mined by the reactant concenbation. Thereafter, once the coeffi- 
cie~lt ratio at 703 1tan was estimated for the reactant concentrations, 
subsequent variations in the coefficient ratio relative to the agita- 
tion speed were calculated based on a correlaticn between the mass 
transfer coefficient and particle Reynolds immber according to the 
power dissipation caused by the agitation [Fitchett and Tarbell, 
1990]. The power dissipation in the reactor was calculated by using 
the power number for a Rushton reactor [MaCabe and Smith, 1976]. 
The estimation of the bulk supelsa~ation and coefficient ratio for 
each clystallization condition set is summarized in Table 1. 

According to the proposed model, since surface crystal formation 
is prcanoted by the interracial supersaturation, which is eifllanced 
with an increase in the bulk supersaKu-ation, and the coefficient catio 
of the mass barasfer to the surface integration, the number of sur- 
face crystals was predicted to increase. When the rctodel prediction 
was compared with the experimental data [Khn and Kin1, 2030], 
the predicted nunlber of surface crystals deviated from the experi- 
mental data with an increase in the coeffide~at Patio. This result would 
appear to be clue to the enhancement of the contact eneigy between 

Table 1. Summary of estimated values for model variables (R 
and Sb) with crystallization condition set [Kim and 
Kim, 2000] for model prediction of number of surface 
crystals* 

Reactant 
e R Sb c~ 

conc. RPM 
(mol/D (m2/s 3) (kc/kr)  (C/C,5.) (R/Cs(S~- 1)) 

1.75 700 0.48 3.0"10-3 1.2 0.015 
900 1.03 3.6"10-3 1.2 0.018 

1200 2.46 4.5"10-3 1.2 0.0225 
1500 4.80 5.4"10-3 1.2 0.027 

2.5 700 0.48 3.0"10-3 1.25 0.015 
900 1.03 3.6"10-3 1.25 0.018 

1200 2.46 4.5"10-3 1.25 0.0225 
1500 4.80 5.4"10-3 1.25 0.027 

3.75 700 0.48 3.0"10-3 1.3 0.015 
900 1.03 3.6"10-3 1.3 0.018 

1200 2.46 4.5"10-3 1.3 0.0225 
1500 4.80 5.4"10-3 1.3 0.027 

*The proportional constants, a~ and a2 in model equation [Eq. (7)] 
were fixed at 100 and 0.1, respectively. 

Fig. 6. Determination of rate-controlling step in crystal growth 
process of sodium fluoride. 

crystals as well as the mass transfer with an increased agitation, as 
pointed out by Tai et al. [19?5, 1992]. It should also be noted that 
the model equation [Eq. (7)] predicting the number of surface crys- 
tals on the mother crystal produced similar results to the equaticn 
estimating the number of secondary crystals generated by contact 
nucleation, as suggested by Tai et al. [1975]. Accordflagly, even 
though the currently proposed model is described by using simpli- 
fied equations based on surface nucleation and crystal growth me- 
chanisms, the resulting pro4ictions of surface crystal formation with 
variations in the crystallization conditions are consistent with the 
experimental data. 

The effectiveness factor in the crystal growth process was related 
to the lump parameter, ct, including two model variables of the co- 
efficient ratio and the bulk supersaatration, as in Eqs. (9) and (12), 
respectively. As shown in Fig. 6, as o~ increased, the mte-detemlin- 
ing step of the crystal growth shifted from the mass transfer to the 
s~face integratioi1 In addition, the interfacial supersaturation sim- 
ultaneously approached the bulk supersalzuation due to the fast mass 
transfer rate. In the present model, 0~, which was calculated from 
the est/mated values of the coefficient ratio and bulk supersatura- 
tion for each ciystallJzation condition set performed by Khn and 
Kim [2000], varied within a Pange of 0.01-0.027, thereby indicat- 
hag the dominant control of the mass transfer step ha the crystal 
growth of sodium fluoride. This may explain the reason why their 
experimental results of the number of surface crystals on the moth- 
er crystal were so sensitive to in the influence of agitation and the 
reactant concentration on the molecular transport. 

CONCLUSION 

Using two-dimensional secondary nucleation and two-step growth 
mechanisms, we developed a mathematical model to predict the 
number of surface crystals found on the mother crystal in the sodi- 
urn fluoride crystallization. In this model, the number of surface 
caystals on the mother" ciystal is expressed as a fmlction of the in- 
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terfacial supersaturation, which is anMogous to the secondary nu- 
cleation rate [Tai et al., 1975]. The inteffacial supersamvaion is pre- 
dicted by the two-step growth mechanism. Therefore, as the bulk 
supersaturation and mass Iransfer coefficient in the crystal gro,m_h 
process increase, the inteffacial supersaturation will be predicted to 
increase, thereby entrancing the surface caystal fcamatiotl When 
considering that the bulk supersaturation is generated by the reac- 
tion and the mass transfer coefficient is controlled by the hy&ody- 
nanlic conditions sun'ounding the crystal, it was predicted that the 
number of surface crystals on the mother crystal would be facili- 
tated by an inca'ease in the mactmat ca lce i~t ion and agitation1 speed. 
The model predicticn of the surface crystal fomlation was founcl 
to be in good agreement with the experinmntal data. 
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N O M E N C L A T U R E  

at, a2 
Cb 
C, 
Ca 
D 
d 
AG' 

j t  

k 
k~ 
k,, 
L' 
n 

Ns 
R 

r 

Sb 
S, 
T 

proportional constants for surface crystal formation 
bulk concentration 
interfacial concentration 
equilibrium concentration 
diffusion coefficient 
molecular diameter 
five energy change of two-ctinmnsional embryo C~l moth- 
er crystal 
two-dimensional nucleation rate 
Boltzmann constant 
mass transfer coefficient 
surface integration coefficient 
circumference of embryo 
number of molecules contained in embryo 
number of surface crystals on mother crystal 

: ratio of mass transfer coefficient to surface integration 
coefficient (kjk~) 

: surface integration order 
: bulk supersaturation (CJCs) 
: interfacial supersaturation (C/Cs) 
: temperature 

Greek Letters 
c~ : lump parameter for model of surface crystal formation 

(R/C~-~(Sb - 1 )"-~) 
O, : dimensionless interfacial supersaturation ((S~-l)/(Sb-1)) 
rl,. : surface integration effectiveness factor 

Superscript 
* �9 critical state in secondary nucleation on mother crystal 
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